Abstract. A graph is called «-degenerate if each of its subgraphs has a vertex of degree at most n. For each n the Lick-White number of graph G is the fewest number of sets into which V(G) can be partitioned such that each set induces an «-degenerate graph. An upper bound is obtained for the Lick-White number of graphs with given clique number. A number of estimates are derived for the number of vertices in triangle-free graphs with prescribed Lick-White number. These results are used to give lower bounds on the genus of such graphs.
In 1948, B. Descartes [8] proved the existence of triangle-free graphs with chromatic number 4. Since then, relationships between the chromatic number and girth have been investigated by a number of authors. Perhaps the most startling result is that proved, using different methods, by Erdös [9] and Lovász [16] . More recently Lick and White [14] and [15] used the concept of «-degenerate graph in order to generalize chromatic number. For nonnegative integer «, a graph is called n-degenerate if each of its subgraphs has a vertex of degree at most «. For each n the Lick-White number of graph G is denoted by x"(G) and is defined as the least number of sets into which V(G) can be partitioned such that each set induces an «-degenerate graph. Other papers which include results on Lick-White numbers include Simöes-Pereira [21] , [22] , and [23], Cook [7] , Jones [12] and Mitchem [18] . The chromatic number and point-arboricity of G are respectively Xo(^) and Xi(G). F°r definitions and notation not defined in the papers see Harary [11] .
A natural problem is to attempt to generalize results on girth and chromatic number to Lick-White numbers and girth. In [19] Mitchem constructed graphs with g(G) = 4 and /"(G) arbitrarily large, where fn(G) is different from but analogous to Xn(G)-By verv slightly modifying that work one obtains graphs with g(G) = 4 and x«(G) arbitrarily large. Simöes-Pereira [21] constructed much smaller graphs with the same property. In [7] Cook proves, using the methods of Erdös:
Theorem B. For every integer triple n, k, t; « > 0, k > 2, t > 1, there is a graph G with x,(G) = k andgiG) > t.
Cook's proof, unlike those of Simöes-Pereira and Mitchem, shows existence, but does not actually construct the required graph. In this paper we use Theorem A to give a very short proof of Theorem B. Also, we will give a new lower bound, Theorem 9, which improves a result of Cook, on the genus of a triangle-free graph G with Xn(C) = k. Catlin [4] recently gave a significant improvement of Brooks' Theorem for graphs with small clique number. In Theorem 2 we generalize Catlin's Theorem using Mitchem's [18] new generalization of Brooks' Theorem. Theorem 2 is used in the proof of Theorem 9. We also improve certain bounds given by Chvátal [5] and Kronk [13] . Borodin and Kostochka [3] as well as Bollobás and Thomason [1] have also proved Theorem 2. The former uses Borodin's version [2] of Theorem E. Theorem B is further improved in [1] where the existence is proved of a graph G which is uniquely partitionable into k «-degenerate graphs and g(G) > t.
The maximum (minimum) degree of G is denoted by Theorem E (Mitchem [18] ). For « > 0, let G be a connected graph other than (i) A complete graph with t(n + 1) + 1 vertices, n > 0, t > 0.
(ii) An (n + l)-regular graph, n > 0. (iii) An odd cycle, « = 0. 77,e« x,(G) < {A(G)/(« + 1)}.
Theorem E can be viewed as a natural analogue to Brooks' Theorem and will also be used to prove the next theorem, which shows that if a graph has small clique number then the bound given in Theorem E can be improved. It should be noted that Grünbaum [10] asked that for every k > 4 does there exist a triangle-free graph G with Xo(^) = k = A(G). Chvátal [6] has found the smallest such graph with k -4. Catlin's Theorem implies no such graph exists with A > 7.
Let /"(A) be the minimum number of vertices in a triangle-free graph G with Xn(G) = A. It is transparent that/0(2) = 2,/0(3) = 5. Chvátal [5] showed that/0(4) =11, and that the so-called Mycielski graph [20] is the only graph which obtains this minimum. Theorem 3. For n > 0,/"(2) = 2(n + 1).
Proof. The graph G = K(n + 1, « + 1) shows that f"(2) < 2(n + 1). + 1 and 2q > (n + l)p where q and/» are the number of edges and vertices of G, respectively. However, by Turan's Theorem [24] any triangle-free graph has 2<7 < p2/2, and thus/» > 2(« + 1).
We now give lower and upper bounds on/"(3). The upper bound is proved by constructing the smallest known triangle-free graph G with XniG) = 3. Proof. Let G be a triangle-free graph of minimum order with Xn(C) = 3.
By Theorems G and E we have that 8(G) > 2« + 2 and A(G) > 2« + 3. Let c be a point of maximum degree with neighbor set W = [wx, .. ., w,}, t > 2« + 3. Since g(G) > 3, no two w¡ are adjacent. Let B = V(G) -W{v}. Since XntX^)) > 2, <2J> contains a path with at least 2« vertices. Suppose there is a path P = ux, u2, . . ., us, s < 2«, such that <5> -P is «-degenerate. Then (5 -V(P)) tj {>}, K(/*) u W is a partition of V(G) into two «-degenerate sets, a contradiction. It follows that there is a path (2 = vx,. . ., v2n in <5> such that x*«^) _ 0) -2. Thus there is a subgraph H of (B} -Q with 5(//) > n + I. Since /Y is triangle-free, it has at least 2« + 2 points. This implies that the order /> of G is at least 6« + 6. The result follows by Corollary 7.
In [13] Kronk obtained a lower bound for y(G) in terms of XnC^) = k and g(G), if G is triangle-free. His bound is quadratic in k. Thus, for each value of g(G) > 4, there is a value A;0 such that if Xo(^) > k0, then Theorem 9 gives a better bound than Kronk's.
